CHAPTER 67 INTRODUCTION TO LAPLACE TRANSFORMS

EXERCISE 247 Page 729

1. Determine the Laplace transforms of : (a)2t-3  (b) 5t>+4t-3

(a) L {2t-3) =2(i2j—3(1] - %_%

o esn-s)os Z)ea 1) o 1) - 2o b2

3 5 2
2. Determine the Laplace transforms of : (a) i -3t+2  (b) 1‘[—5—2t4 +t—

2
t3 1) 3! 1 1 1 3 2
wisesef= () 5ol - e
t t2 1)/ 5! 4! 1Y/ 2! 8 48 1
b) £{——-2t'+—t=| — ) | Bt . .
( ) {15 + 2} [ISJ(SSHJ (54“)4_(2}(83) s6 SS +s3

3. Determine the Laplace transforms of : (a) 5¢* (b) 2¢ ™

3t ! 5
(a)of{Se }=5(—3) = E

S —

s+2 s+2

(b) £{2e7} = 2(L) -

4. Determine the Laplace transforms of : (a) 4 sin 3t  (b) 3 cos 2t

2 s +9

. 30\ 12
(a)£{4sm3t}—4(s +32j =

S 3s
(b) £{ 3cos2t}:3(s2 +22j = a.q
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5. Determine the Laplace transforms of : (a) 7 cosh 2x (b) 3 sinh 3t

s 7s
(a) £{ 7cosh2x}:7(sz_22) = s

1 . 1 3 1
(b)£{581nh3t}=§(52_32] = T o

6. Determine the Laplace transforms of : (a) 2 cos’t  (b) 3 sin®2x

(a) cos 2t = 2cos’t—1 from which, cos’t= —1 +c0s 2t

1 S (sz+4)+s2

1+ cos2t 1 S
;f’,{Zcoszt} = 1’,{2(—}} = £{1+cos2t}=g+sz+22 =g+sz+4= s(s2+4)

287 +4 _2(sz+2
- s(sz+4) - s(s2+4

N |

. ) . 1—cos4
(b) cos 4t=1-2sin*2t from which, sin*2t= 1-costt

£{3sin*2t} = f,{s(ﬂj}
2
é( 2+16)—3s2

=;E{i—icosm}:?’/z—(f/z)f:3/2—(3/2)3:2 2 24
s s +4 s s°+16 s(s +16) s(s2+16)

7. Determine the Laplace transforms of : (a) cosh’t  (b) 2 sinh?20

(a) cosh2t=2cosh’t—1 from which, cosh’t= % = % +%cosh 2t

11 1/2 (1/2 l(52‘4)4“152 s2—2
;E{coshzt} = ;E{—+—cosh2t}= +( )s _2 2 _
2 2 s  §*-=2° 5(52—4) s(s2—4)

cosh 40 =1 + 2sin om which, 2sin = cosh 40 -
(b) h40=1+ 2sinh*20 fr hich, 2sinh®20 h40-1
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' 1 s°—(s*-16 16
{26000 20] = L{eos 401 = - = s(s(z_la))zs(«—w)

8. Determine the Laplace transforms of : 4 sin(at + b), where a and b are constants

L{4sin(at+b)} = L4{sinatcosb+cosatsinb} = L{ (4cosb)sinat+(4sinb)cosat }

= (4cosb)( = 2j+(4sinb)( _~ zj

S"+a S"+a

= 24 ~(acosb+ssinb)

s"+a

9. Determine the Laplace transforms of : 3 cos(wt - o), where ® and o are constants

£{3 cos(ot - @)} = L3{cosotcosa+sinotsino } = L{ (3cosa)cosot+(3sina)sin ot }

= (3cosoc)(szjm2)+(3sina)(82 fof)

__3 (s coso+o sina)
s’ +@°

S
s +36

10. Show that {cos’3t - sin®3t) =

cos6t=2cos’3t—1 from which, cos’3t= I+ cos6t
. . . 1—
and cos6t=1-2sin’3t from which, sin’3t= %6‘[

Hence,i(cosz3t—sin23t) =L (1+COS6tj—[1_COS6tj =X 1+C056t_l+0056t
2 2 2 2 2 2

s
s> +36

= L{cos 6t} =
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CHAPTER 68 PROPERTIES OF LAPLACE TRANSFORMS

EXERCISE 248 Page 733

1. Determine the Laplace transforms: (a) 2te*  (b) t%e!

() £{2te” | =2L{t'e | =(2) no__2

(5_2)1+1 (S— 2)2
(b) £{t’e'} = (S_zl’)m = (8_21)3

1
2. Determine the Laplace transforms: (a)4t’e ™" (b) 5 tte

3! 24
Liafe™) =4 =
@ {te } ((s+2)3+1] (s+2)4

(b)i{lt“e—“}:l Ho 12
2 2 (s+3)4+1 (s+3)5

3. Determine the Laplace transforms: (a)e‘cost  (b) 3e®sin 2t

- - 1
(a);lf{et cost}: > 21 =— s—1 = - >
(s—l) +12 ) s —2s+1+1 s°—2s+2

6 6

b i 3 2t 2t =3 =
(b) {e o } ((8—2)2+22] s’—4s+4+4 s —4s+8

4. Determine the Laplace transforms: (a) 5e *‘cos 3t  (b) 4e "'sint

(a)I{SeZtcos3t}:5( 5+2 J_ 5(s+2) _ 5(s+2)

(s+2)2+32 S s?+45+4449 s*+4s+13

4 4

b) L{4e sint! =4 =
®) { } {(s+5)2+12J s?+10s+25+1 s> +10s+26
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. ) 1
5. Determine the Laplace transforms: (a) 2e‘sin’t  (b) 3 e¥cos?t

. (1-cos2t . . 1 -1
(a) i{Ze sin” t} = ;8{26 (%)} = ;E{e} - ;C{e cos2t}=s_1—(s_i)z+22

1 3 s—1
s—1 s*—2s+5

(b) £{1e3f cos? t} _ ;e{l & (Mj}
2 7 )
f,{leh} +£{le3t0052t}:l[ 1 N 5_23 ]
4 4 U R

( 1 s—3 j 1( 1 s—3
= + > = — + 2
4\s—-3 s —6s+9+4 4\ s—3 s —6s+13

—_—

6. Determine the Laplace transforms: (a) e'sinh t (b) 3e* cosh 4t

1 1 ! L
£ {e'sinht} = = - )

(b) cf{3eztcosh4t}=3 5_22 =— 3(s-2) _ 23(5—2)
(s—2) —4*) s'—4s+4-16 s'—4s-12

7. Determine the Laplace transforms: (a) 2e 'sinh 3t (b) %e “'cosh 2t

66
(s+1)2—32 $+2s+1-9  s*+2s—8

() £{2¢" sinh 3t} = 2{

(b);ﬁ{le"“costh}:l —S+23 =l( 5 s+3 j = s+3
4 4{(s+3) =22 ) 4\s’+6s+9-4 4(s2+6s+5)

8. Determine the Laplace transforms: (a) 2e ‘(cos 3t - 3 sin 3t)  (b) 3e **(sinh 2t - 2 cosh 2t)
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-1 3
a) £ {2¢' (cos3t—3sin3t)} = £{2¢ cos3t} - £{6e sin3t} =2 — || ——
(a) L{2¢( =4 f-£t } [(5—1)2+32] {(s—1)2+32}
_2(s-1) 18 2s—2-18

2s—20
s> —2s+10

s2—2s+10 s*—2s+10 s*—2s+10

2(s-10)
s’ —2s+10

(b) ;6{36_2‘ (sinh2t—2cosh 2t)} = ;6{36:_2t sinh 2t} - ;6{66"2‘ cosh 2t}

_ 3[;%[_2}
(s+2)" —22 (s+2)" 22

_ 6 6(s+2) 6 6(s+2)

S +ds+4-4 s +das+4—4 =sz+4s_ s* +4s

_ 6-6s—12_ —6s—6 _ —6(s+1)
s(s+4)  s(s+4) s(s+4)
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EXERCISE 249 Page 735

1. Derive the Laplace transform of the first derivative from the definition of a Laplace transform.

. |
Hence derive the transform £ {1} = —
S

Let f(t)=1 then f'(t)=0 and f(0)=1

From equation (3), page 734 of textbook, £{f'(t)} =sL{f(t)}—f(0)

Hence, L{0}=sL{1} -1
ie. 1=s£{1}

1
and ;C{l} = —

s

2. Use the Laplace transform of the first derivative to derive the transforms:

(@ Lie"} = —— () LB -2
S

(a) Let f(t) = " then f'(t)=ae" and f(0)=1

From equation (3), page 734 of textbook, £L{f'(t)} =sL{f(t)}—f(0)

Hence, L{ae"} = sff,{ea‘} -1
ie. l=(s—a)L {ea‘}
and ;C{e”t} = E

(b) Let f(t) = 3t then f'(t)=6t and f(0)=0

Since L)) =s LIF(H)) -F(0)
then, Li{6t} = s£{3t2} +0
S =sefx)

and efae} =
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3. Derive the Laplace transform of the second derivative from the definition of a Laplace

a

s’ +a’

transform. Hence derive the transform £ {sin at} =

Let f(t) =sin at, then f'(t)=acosat and f"(t)= —a’sinat, f(0)=0 and f'(0)=a

From equation (4), page 734 of textbook, L {f"(t)} =s* L{f(t)} —sf(0)—'(0)

Hence, £{-a’sinat| =5’ L{sinat} - 5(0) - a
ic. —a’L{sinat} = s’ L{sinat} -a
Hence, a= (52 +a2);8{sin at}
and £L{sinat} = jaz

4. Use the Laplace transform of the second derivative to derive the transforms:

a S

> (b) L{coshat} = ———

s’—a s’—a

(a) L{sinh at} =

(a) Let f(t) =sinh at then f'(t)=acoshat and f’(t)= a’sinhat, f(0)=0 and f'(0)=a

L)} = s> L{(1)} —sF(0)—£(0)

Hence, % {a’sinhat} =s* £ {sinhat} - 5(0) - a
ie. a’ L {sinhat} = s’£{sinhat} -a

ie. a= (s’ —a’)L{sinhat}
and £ {sinhat} = szfaz

(b) Let f(t) = cosh at then f'(t)=asinhat and f''(t)=a’coshat, f(0)=1 and f'(0)=0

L)} =% L{F(1)} —sf(0)—'(0)
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Hence, ;l",{a2 cosh at} =s’L{coshat} -s(1)-0

ie. a’ £{coshat} = s’£{coshat} -s

ie. §= (32 —az)sﬁ{cosh at}
s

and £{c0shat} = R
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EXERCISE 250 Page 736

1. State the initial value theorem. Verify the theorem for the functions

(a) 3-4sint (b) (t - 4)* and state their initial values.

The initial value theorem states: limit[f(t)] =limit[ s £{f(t)} ]
t—>0 $§—>c0

4
(a)Letf(t)y=3—-4sint  then L{f(t)} =L{3-4sint} = 3_ T
s s+
Hence, limit[3—4sint]= 11m1{ }
t—=0 s—0 S +1
= hml{ }
500 s’ +1
) . 0
1.€. 3—4sin0=3- >
0 +1
1.€. 3=3 which verifies the theorem.
The initial value is 3
(b) Let f(t) = (t—4)" =t* -8t +16
2 8 16
then LIt -8t+16l="——4+—
{ } s s? s
Hence, hmlt[t —8t+16] = 11m1t[ (%—%4-&)}
S—00 S S S
= limit{%—§+l6}
S—>0 S S
1.€. 16 =16 which verifies the theorem

The initial value is 16

2. Verify the initial value theorem for the voltage functions:

(@) 4+2cost (b) t-cos3t and state their initial values.
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The initial value theorem states: limit[f(t)] =limit[ s £{f(t)} ]
t—>0 $§—>c0

4 2
(@) Letf(t)=4+2cost  then L{f(t)} =L{4+2cost} = —+— > "
s s+
Hence, limit[4+2cost]=limit {s (i + 225 H
t—0 s—® S ST +1
2
= limi{4+ s }
500 s*+1
. 200°
1.€. 4+2cos0=4+ >
0" +1
1.e. 4+2=4+2
1.€. 6 =6 which verifies the theorem.
The initial value is 6
(b) Let f(t) =t - cos 3t
then ;B{t—cos3t}:i— 5
s §*43?
.. .. 1 S
Hence, limit [t —CoSs 3‘[] =limit|s| ——
t—0 S—>00 S2 52 + 9
.. {1 s }
= limit| —— >
s> |'s 8 +9
2
1.€. O—COSOZL— 20
o o +9
1.€. -1=-1 which verifies the theorem

The initial value is - 1

3. State the final value theorem and state a practical application where it is of use. Verify the

theorem for the function 4 + e >'(sin t + cos t) representing a displacement and state its final

value.
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The final value theorem states:  limit[f(t)] =limit[ s £{f(t)} ]

t—>o s—>0
The final value theorem is used in investigating the stability of systems such as in automatic
aircraft-landing systems.

Letf(t)=4+ e ' (sint+cost) =4+ e 'sint+e "' cost

4 1 S+2
th L) =—
. ) S+(s+2)2+1+(s+2)2+1

Hence, limit[4+e‘2’sint+e‘2‘cost]=limit[s i+ 12 + S+f
o0 320 s (s+2) +1 (s+2) +1

=1imi{4+ S +S(S+2)}

50 (s+2)2+1 (s+2)2+1
1.€. 44+0+0=4+0+0

1.€. 4 =4 which verifies the theorem

The final value is 4

4. Verify the final value theorem for the function 3t¢ * and determine its steady state value.

The final value theorem states:  limit[f(t)] =limit[ s £{f(t)} ]
t— s—0

Let f(t) = 3t%e *

!
then LI{f(t)} =3 2! = |= 6 3
(s+4) (s+4)

. . 2 4t .. 6
Hence, limit [3‘[ e ] =limit[ s -

t—0 s—0 (S + 4)
ie. 3t7e =0
1.€. 0=0 which verifies the theorem

The final value is 0
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CHAPTER 69 INVERSE LAPLACE TRANSFORMS

EXERCISE 251 Page 740

1. Determine the inverse Laplace transforms of : (a) 7 (b) LS
S S—

() ;61{1} = 7;5—1{1} =7(1)=17
s S
(b) il{i} =2;6—1{L} =2e"
s—=5 s=5
. . 3 2s
2. Determine the inverse Laplace transforms of : (a) —— (b) =
2s+1 s"+4

1
(a)ggl{i} =3 S S ii—l RS ie_i
2s+1 2( 1j 2 ( 1j 2
S+— S+—
2
_ 2s _ S
(b)I 1{524.4} :2£ l{m} =2 cos 2t

. . 1 4
3. Determine the inverse Laplace transforms of : (a) — (b) —
s”+25 s"+9
1 1 5 1
a) L' =X = —sin5t
@) {s2+25} 5 {s2+52} 5
4 4 3 4
b) L™ =X = —sin3t
®) {s2+9} 3 {s2+32} 3
. . Ss 6
4. Determine the inverse Laplace transforms of : (a) —; (b) —
2s” +18 S

écos 3t
2

5s S 5 S
£ =5~ L =2
@) {252+18} {2(s2+9)} 2 {s2+32}




. ) 8
5. Determine the inverse Laplace transforms of : (a) — (b)) —
S S

6. Determine the inverse Laplace transforms of : (a) ] 3 (b) - !
2
(a) £ 4= 3 | _3pn 1 5 =6;E"{ S 2} — 6 cosh 4t
~§7-8 (s> -16) s -4
2 2

15 4
3s? =27 ®)

7. Determine the inverse Laplace transforms of : (a)

8. Determine the inverse Laplace transforms of : (a)

(s+2)*
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. ) 1
9. Determine the inverse Laplace transforms of : (a) QL (b 2;
s"+2s+10 s“+6s+13

(a);ﬁ"{zs;l} =L s—+212 = e ‘cos3t
s"+2s+10 (s+l) +3

ISP L 'S R D % P
s +6s+13 (s+3) +2° 2 (s+3) +2° 2

2s—3) 7

10. Determine the inverse Laplace transforms of : (a) — S R
s —6s+13 s*—8s+12

2(s— —
(a) i_l{%} =2L 1{%} = 2¢' cos 2t
§ —0s s—=3) +

(b)I‘l{#} R0 R S YN S R R
s —8s+12 (5_4) _22 2 (5_4) _2? 2

11. Determine the inverse Laplace transforms of : (a) 228—+5 ( 23S—+2
s"+4s-5 s”—8s+25

2 +2
(@) L~ { 255 =;E1 (s !
s° +4s— 5 (s+2) —32 s+2) —3?
1
5+2 +—L + =2e‘2‘cosh3t+le‘“sinh3t
(s+2) (s+2)-3*| 3 (s+2) -3 3

) £~ { 35+2 ;6‘{( 35+2 }:£_1{3(s_—4)+14}

=2L

s? —8s+25 7432

14 14
=3L"" +—L! ;2 = 3e* cos3t+—e*' sin 3t
+32 3 (s—4) +3 3
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EXERCISE 252 Page 741

11-3s

1. Use partial fractions to find the inverse Laplace transforms of: Ti%3
S +2s—

-3 __2 __5 from Problem 1, page 16 of textbook

s*+2s-3 _(s—l) (s+3)

Hence, I‘l{zlli} =L z2 5 =2e ' —5e "
s’ +2s-3 (s+1) (s+3)

28 —9s—35

2. Use partial fractions to find the inverse Laplace transforms of:
(s+D)(s—2)(s+3)

2
28" —9s—35 - 4 3 + ! from Problem 2, page 16 of textbook

(s+1)(s=2)(s+3) (s+1) (s-2) (s+3)

2s* —9s—35 4 3 1
H , L7 =L _ = 4ot —3e 4o
ence {(s+1)(s—2)(s+3)} {(s+1) (s—2)+(s+3)} ¢ moe e

58 —2s—19

3. Use partial fractions to find the inverse Laplace transforms of: ————
(s+3)(s-1)

2_ —
58" —2s 192: 2 + 3 4 ~  from Problem 6, page 18 of textbook
(s+3)s-D" (s+3) (s-1) (s-1)

2
Hence, L7 Ls_lgz R ~t =2e " +3e" —4e't
(s+3)(s—1) (s+3) (s=1) (s—1)

3s’ +16s+15

4. Use partial fractions to find the inverse Laplace transforms of: 513y
s+
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2
s +les+15 3 2 6 +  from Problem 7, page 19 of textbook

(s+3) (s+3) (s+3)" (s+3)
Hence, i"{w} =£"{ 32 __ 6 3}
5+ 5 e ord)
— -1 1 a1 1 o 1
o {(S+3)}-2£ {(s+3)2}-6£ {(s+3)3}
— -1 1 4 1 6 ., 21
e {(s+3)}-2£ {(s+3)m}-2_!£ {(S+3)2+1}

=3¢ =2e7't—3e7't> or e '(3-2t-3t%)

7s* +5s+13

5. Use partial fractions to find the inverse Laplace transforms of: —————
(s"+2)(s+1)

78’ +5s+13 2843 5

= + from Problem 8, page 20 of textbook
(s> +2)(s+1) (s2+2) (s+1) pas

2s+3 5 2s 3 5
and + =

(sz+2) (s+1) (s2+2)+(sz+2)+(s+1)

| 78*+5s+13 _pl 2s 3 5
Hence, £ {(sz+2)(s+l)} £ {(s2+2)+(sz+2)+s+l}

= 2c0s\/5t+isinx/5t+5e‘t

N

3+ 6s+4s” —2s°

6. Use partial fractions to find the inverse Laplace transforms of: &1 3)
sT(s™+

3+ 6s +4s —2s° _%+L+3—4S
sz(sz+3) s s? s*+3

Hence. £ 3+6s+4s” —2s° =£—'{E+L+3‘43}
’ sz(s2+3) g

from Problem 9, page 20 of textbook

S S s?+3
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=2;€“{l} i‘l{i} +! 34
2
S s’ sz+(\/§)

zzggl{é} il{slz} ! ﬁ e 82:(‘—5\5)2

:2;61{%} ;ﬁl{siz} " %;ﬂ‘l e +f/§ ; 4 —S2+(S\/§)2

= 2+t+«/§sin«/§t—4c0sﬁt

26—s

7. Use partial fractions to find the inverse Laplace transforms of: —————
s(s” +4s+13)

. 26— A Bs+C  A(S+4s+13)+(Bs+C)s
et —— ="+ =
s(sz+4s+13) s s*+4s+13 s(sz+4s+l3)
Hence, 26—5s’ :A(s2 +4s+13)+Bs2 +Cs
When s = 0: 26=13A+0+0 Le. A=2
Equating s° coefficients: -1=A+B ie. B=-3
Equating s coefficients: 0=4A+C ie. C=-8
2
Thus, 26—s Eg+ : 3s—8
s(sz+4s+13) s s +4s+13
2
Hence, £ —226 > ZII{E} -Il{—2 3548 }
s(s +4s+13) s s"+4s+13
=2;£-1{l} WA s
s (s+2) +3

w1 L] 3(s+2) » 2
2 {;}-i {(s+2)2+32}-;6 {(s+2)2+32}
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SR o e
s (s+2) +3*| 3 (s+2) +3°

=2-3e " cos3t— %e‘“ sin 3t
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EXERCISE 253 Page 743

50(s+4)
s(s+2)(s* —8s+25)

1. Determine for the transfer function: R(s) =

(a) the zero and (b) the poles. Show the poles and zeros on a pole-zero diagram.

(a) For the numerator to be zero, (s +4) =0 hence, s =-4 is a zero of R(s)

(b) For the denominator to be zero, s=0 or s=-2 or s’—8+25=0

— 443

1.€.

o8 (B) -4025) 8236 _ 846
2(1) 22

Hence, poles occur ats =0,s=-2,s=4+j3 and 4-)3

A pole-zero diagram is shown below.

®
*
ES

- w2 2

(s—1)(s+2)

- and plot them on a
(s+3)(s"—2s+5)

2. Determine the poles and zeros for the function: F(s) =

pole-zero map.

For the numerator to be zero, (s- 1) =0 hence, s =+ 1 is a zero of F(s)

and (s+2)=0 hence, s=-2 is a zero of F(s)

For the denominator to be zero,s=-3 or s’ —2s+5=0
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——24(=2)" —4(1)(5) _ 2++/-16 _2+j4

ie. s= 1+;52
2(1) 2 2
Hence, poles occur ats =-3, s=1+j2 and 1-—j2
A pole-zero diagram is shown below.
3u
Vil
o) M
,3; .‘.JeL o \i’ (<}
-2 F X
3. For the function G(s) = sz— ! , determine the poles and zeros and show them on a
(s+2)(s” +2s+5)

pole-zero diagram.

For the denominator to be zero,s=-2 or s’ +2s+5=0

_25(2) -406) 214716 _ 2+ j4
2(1) S22

i.e. =—1£j2

Hence, poles occur ats =-2,s=-1+j2 and -1-j2
For the numerator to be zero, (s - 1) =0 hence, s =1 is a zero of G(s)

A pole-zero diagram is shown below.

X--j2t

é J

-

i J B

i
e — B
-2 - | 2 &

, -

=)

1

* ~)2f

1043



2
4. Find the poles and zeros for the transfer function: H(s) = % and plot the results in the s-
s(s™ +

plane.

For the denominator to be zero,s=0 or s*+4=0 and

ie. s?=-4 and s=+-4 =+j2

Hence, poles occur ats =0, s=+j2 and —j2

For the numerator to be zero, s> —5s—6=0

ie. (s—6)(s+1)=0 hence, s=6 is a zero of H(s)

and s =-1is a zero of H(s)

A pole-zero diagram is shown below.

31.0
R
o o
o OT T 6
»32 > 3
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CHAPTER 70 THE LAPLACE TRANSFORM OF THE HEAVISIDE
FUNCTION

EXERCISE 254 Page 747

1. A 6 V source is switched on at time t = 4 s. Write the function in terms of the Heaviside step

function and sketch the waveform.

The function is shown sketched below.

The Heaviside step function is:  V(t) = 6 H(t — 4)

e
G,
o i T
: : 2 for0(t(s5 | - :
2. Write the function V(t) = 0 fort)5 in terms of the Heaviside step function and sketch
or

the waveform.

The voltage has a value of 2 up until time t = 5; then it is turned off.
The function is shown sketched below.

The Heaviside step function is:  V(t) = H(t) — H(t - 5)

B

(G
2

]

3. Sketch the graph of: f(t) = H(t - 2)

A function H(t — 2) has a maximum value of 1 and starts when t = 2, as shown in the sketch below.
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4. Sketch the graph of: f{(t) = H(t)

A function H(t) has a maximum value of 1 and starts when t = 0, as shown in the sketch below.

ot

5. Sketch the graph of: f(t)=4 H(t—1)

A function 4H(t — 1) has a maximum value of 4 and starts when t = 1, as shown in the sketch below.

) S
li'

6. Sketch the graph of: f(t) = 7H(t—5)

A function 7H(t — 5) has a maximum value of 7 and starts when t = 5, as shown in the sketch below.

49

T

7. Sketch the graph of: f{(t) = H(t —gj .cost
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Below shows a graph of H(t —% . cos t where the graph of cos t does not ‘switch on’ until t = n/4

8. Sketch the graph of: f{(t) = 3H(t —gj.cos(t —gj

Below shows a graph of f(t) = 3H(t—gj.cos(t—gj where the graph of 3 cos(t — n/6) does not

‘switch on’ until t = 7/2

9. Sketch the graph of: f(t)= H(t—1) .t

Below shows a graph of f(t) = H(t—1) .t> where the graph of t* does not ‘switch on’ until t = 1

£ 4
N
.\ .2 -
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1 . |-
L \;\ 3 i '-_P_
-2 - ‘g { x 3 &

_t
10. Sketch the graph of: f(t) =H(t—2).e 2
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Below shows a graph of f(t) = H(t — 2).e 2 where the graph of e 2 does not ‘switch on’ until t =2

_t
11. Sketch the graph of: f(t)=[H(t—2)-H(t—5)].¢ *

t _t
Below shows the graph of f(t) = [H(t — 2) — H(t — 5)].e * where the graph of e * does not ‘switch

on’ until t =2, but then ‘switches off” att= 5.

o1

05

?7

12. Sketch the graph of: f{(t) = SH(t —gj.sin(t + gj

Below shows a graph of f(t) = SH(t—gj.sin (t+§j where the graph of 5 sin(t + n/4) does not

‘switch on’ until t = nt/3
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EXERCISE 255 Page 749

1. Determine L{H(t— 1)}

L{H(t-c).flt—c)} = e “F(s) where in this case, F(s) =L {1} andc=1

Hence, LHE-1)}=¢" (lj from (i) of Table 67.1, page 728
S

2. Determine £{7 H(t - 3)}

L{H(t—c).f(lt—c)} = ¢ “F(s) where in this case, F(s) = £ {7} and ¢ =3
Hence, L{THt-3)}=¢" (Zj from (ii) of Table 67.1, page 728
S

7e—3s

S

3. Determine L {H(t —2).(t—2)>}

L{H(t—c).f(lt—c)} = ¢ “F(s) where in this case, F(s) = &£ {t*} and ¢ =2

!
Hence, LHt-2)ft—2)*}=¢" (2—3j from (vii) of Table 67.1, page 728
S

4. Determine £ {H(t— 3).sin(t—3) }

L{H(t-c).flt—c)} = e “F(s) where in this case, F(s) = £ {sint} and ¢ =3

Hence,  L{H(t—3)sin(t—3)}= e3s( 5 12) from (iv) of Table 67.1, page 728
s*+
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5. Determine L{H(t—4).e"™" }

L{H(t—c).f(lt—c)} = ¢ “F(s) where in this case, F(s) = £ {e'} and c =4

Hence, L{H(t—4).e*"}=¢"® (%) from (iii) of Table 67.1, page 728

e—4 s

- s—1

6. Determine £ {H(t— 5).sin 3(t—35) }

L{H(t-c).flt—c)} = e “F(s) where in this case, F(s) = £ {sin3t} andc =5

Hence, L{H(t—-5).sin3(t—-5) } = ess( 5 3 SZJ from (iv) of Table 67.1, page 728
s”+
_ 3e75s
s’ +9

7. Determine £ {H(t— 1).(t— 1)°}

L{H(t-c).flt—c)} = e “F(s) where in this case, F(s) = £ {t’} andc = 1

!
Hence, LHE-1).(t-1)°} = es( 3 j from (viii) of Table 67.1, page 728

3+1
S

8. Determine £ {H(t — 6).cos 3(t—6) }

L{H({t—c).f(lt—c)} = e “F(s) where in this case, F(s) = £ {cos3t} andc=6

S
s? 437

Hence, L{H(t—6).cos 3(t—6) } = e * ( ) from (v) of Table 67.1, page 728

S e—6s

$+9

9. Determine £{5 H(t — 5).sinh 2(t — 5)}
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L{H(t—c).f(lt—c)} = e “F(s) where in this case, F(s) = £ {sinh 2t} and ¢ =5

2

SZ 22

Hence, L{5H(t—5).sinh 2(t—5) } =5¢ > [ j from (x) of Table 67.1, page 728

_10e’™
s’ -4

10. Determine i{H(t—%).cosZ(t—gJ )

L{H({t—c).f(lt—c)} = e “F(s) where in this case, F(s) = £ {cos 2t} and ¢ = g

Hence, L4 [t —gj . cosZ(t—g)} = 6_38( > > 22) from (v) of Table 67.1, page 728
ST+

11. Determine &£{2 H(t—3).e' "}

L{H({t-c).f(lt—c)} = e “F(s) where in this case, F(s) = £ {e'} andc=3

1
Hence, L{2H(t-3).e}=2¢e" [—1] from (iii) of Table 67.1, page 728
S —

12. Determine £{3 H(t — 2).cosh(t —2)}

L{H(t-c).f(lt—c)} = e “F(s) where in this case, F(s) = £ {cosht} and c =2
Hence,  L£{3H(t—2).cosh(t—2)} =3¢ * [%lzj from (ix) of Table 67.1, page 728
S —_—

_ 3se™
s’ -1
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EXERCISE 256 Page 750

-9s
1. Determine £ l{e }
S

Part of the numerator corresponds to e * where ¢ = 9. This indicates H(t — 9)

Then =F(s)=L{1} from (i) of Table 67.1, page 728

@» | —

-9s
Hence, 1"{6 }= H(t-9)
S

-3s
2. Determine;E‘l{4e }

S

Part of the numerator corresponds to ¢ * where ¢ = 3. This indicates H(t — 3)

Then 4 F(s)=L£{4} from (ii) of Table 67.1, page 728
S

4e %"

S

Hence, £ ‘1{ } = 4 H(t-3)

2
S

-2s
3. Determine £ 1{26—}

The numerator corresponds to ¢ *° where ¢ =2. This indicates H(t — 2)

1
s2

=F(s)=L{t} from (vii) of Table 67.1, page 728

2
S

Then ;e‘{ze } 2 H(t-2).(t-2)

-2s
4. Determineslf_l{sze }
s +1

Part of the numerator corresponds to ¢ * where ¢ = 2. This indicates H(t — 2)
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> may be written as: 5 !
s*+1 Y ' s*+1°
Then 5[82 112 j =F(s)=L{5sint} from (iv) of Table 67.1, page 728
L 15e7? . .
Hence, L T = H(t-2).5sin(t—2) =5 H(t — 2).sin(t - 2)
s”+

—4s
5. Determine £ 3? ©
s“+16

Part of the numerator corresponds to e * where ¢ = 4. This indicates H(t — 4)

may be written as: 3(52 j_42 J

s°+16
Then 3( 5 > Ve j =F(s) =L{3 cos 4t} from (v) of Table 67.1, page 728
s”+
L |3se™
Hence, £ e =H(t—-4).3 cos 4(t—4) =3 H(t —4).cos 4(t—4)
s"+

-2s
6. Determine £ 1{626 1 }
S —

Part of the numerator corresponds to e * where ¢ = 2. This indicates H(t — 2)

2

may be written as: 6(5%)

s'—1
Then 6(82 ilzj =F(s)=L{6 sinh t} from (x) of Table 67.1, page 728
L l6e7? . .
Hence, £ T =H(t — 2).6 sinh (t — 2) = 6 H(t — 2).sinh (t - 2)
S J—

3
S

—6s
7. Determinegﬁ‘l{'?’e }

The numerator corresponds to ¢ “* where ¢ = 6. This indicates H(t — 6)
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|
3

=F(s) = ;E{% tz} from (viii) of Table 67.1, page 728
s

3e—6s
2

Then ;C“{ }=3H(t—6).%(t—6)2=1.5H(t—6).(t—6)2

—4s
8. Determine £ 228 ©
s°—16

Part of the numerator corresponds to ¢ * where ¢ = 4. This indicates H(t — 4)

2s . S
may be written as: 2
s -1 Y (sz —4? j
Then 2(52 i42 j — F(s) = £ {2 cosh 4t} from (ix) of Table 67.1, page 728
p1)28 et | N
Hence, e =H(t—4).2 cosh 4(t—4) =2 H(t—4).cosh 4(t — 4)
L
2

9. Determine &£~ 252 ©

s“+5

1
Part of the numerator corresponds to e ** where ¢ = 3 This indicates H(t —%)

2s . S
> may be written as: 2| ————
s°+5 2 4 (\/g)
s
Then 2| ———— | =F(s)=L {2 cos\/gt} from (v) of Table 67.1, page 728

2S
Hence, £ _2se’ = H(t—%)lcos«/g(t—%j=2H(t—%).cos\/g(t—%j

—-7s
10. Determineof_l{4 © 1 }
S_
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Part of the numerator corresponds to e * where ¢ = 7. This indicates H(t — 7)

1

Then P =F(s)=XL{e'} from (iii) of Table 67.1, page 728
S pa—
-7s
Hence, L {4e - } = 4 H(t—"7).e"”’
s p—
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CHAPTER 71 THE SOLUTION OF DIFFERENTIAL EQUATIONS
USING LAPLACE TRANSFORM

EXERCISE 257 Page 755

1. A first order differential equation involving current i in a series R-L circuit is given by:

di i % and i=0attimet=0

Use Laplace transforms to solve for i when (a) E=20 (b) E=40e ™" and (c) E = 50 sin 5t

Taking the Laplace transform of each term of %+ 51 =§ gives:

;a{ﬂ}+ Sy = ;5{5}
dt 2

ie. sL{i} —i(0) + 5L{i} = E/2
S
i=0att=0, hence, 1(0)=0
Hence, (s +5)L{i} = E/2
S
i.e. L{i} = E/2
s(s+5)
and i=£™" E/2 ZEQE*I !
s(s+5) 2 s(s+5)
Let 1 Eé B =A(s+5)+Bs
s(s+5) s (s+5) s(s+5)
Hence, I1=A(s+5)+Bs
When s = 0: 1=5A ie. A= %
. 1
When s =-5: =-5B ie. B= "3
11
Thus, i= Egl 1 = E;E_l 5.5 (_E (1—16"5‘j
2 s(s+5) 2 s (s+5) 2\5 5
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(a) When E = 20,

(b) When E = 40e™"

1.e.
1=0att=0, hence,

Hence,

1.€.

and

Let

Hence,
When s = -3:

When s = -5:

Thus,

1.€.

(¢) When E = 50 sin 5t

1.€.
1=0att=0, hence,

Hence,

1.€.

and

i{ii}+ 5L1{i} = ;6{406_3}
dt 2

sL{i} —i(0) + 5L{i} = 20
s+3
1(0)=0
(s + 5Ly} = 20
s+3
Liit = 20
(s+3)(s+5)
g 20
(s+3)(s+9)
20 A N B  A(s+5)+B(s+3)

(5+3)5+5) (543) (545  (s+3)(s5+5)
20= A(s + 5) + B(s + 3)
20=2A ie. A=10

20=-2B i.e. B=-10

i=;6‘1{ 20 }=;€‘1{ 10 10 }
(s+3)(s+5) (s+3) (s+5)

i=10e>" =107 = 10(e'3t —e'S‘)

i{g}ﬁi{i} =£{50sin5t}
dt 2

sL{i} —i(0) + 5L{i} = 225(5)2
s +5
1(0)=0
. 125
(s )Ly = s*+25
L} = —12§
(s+5)(s”+25)

e 125
(s+5)(s* +25)

1056
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Let 125 __A . Bs+C  A(s’+25)+(Bs+C)(s+5)
(s+5)(s*+25) (s+5) (s°+25) (s+5)(s* +25)
Hence, 125 = A(s* +25)+(Bs+C)(s+5)
: 5
When s =-5: 125 =50A ie. A= 5
. : . 5
Equating s~ coefficients: 0=A+B ie. = 5
: . 125
Equating constant terms: 125=25A+5C ie. 125= -
125
from which, c=-2 — 25
5 2
s, i—g] 125 gl 2 72%
(s+5)(s> +25) (s+5) (s*+25)
25
_ S ) 1 +£—1% 2
2 (s+5) (s +25)
Sl 11,5,
2 (s+5) 2
= ie*St +§sin5t—20055t
2 2 2
ie. i= é(e‘s‘ +sin5t—c0s5t)
2

2. Use Laplace transforms to solve the differential equation:

2
0 &y
dt

24% + 16y =0, given y(0) =3 and y'(0) =3

Taking Laplace transforms of each term of 9—-—

. dy’
: 9L —
gives { e

2
Y 04 L 6y=0
dt

}-24;6{%} T 16 {y} = £{0}
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Hence, 9[s>L{y} —sy(0) -y '(0)] - 24[sL{y} - y(0)] + 16L{y} =0

Since y(0)=3 and y'(0)=3

then 9[s>L{y} —3s-3]-24[sL{y}-3]+16L{y} =0

ie. 9s* L{y} —27s - 27 - 24sL{y} + 72 + 16L{y} =0
ie. (95 —24s+16) L{y} =27s +27- 72
27s—45
and Ly} =
&4 (9s* —24s+16)

ie. y=£" —2275_45
9s° —24s+16

_ g 27s—45
(35—4)2

27s—45 A B A(3s-4)+B
Let - = + > = >
(3s-4)" (3s-4) (3s-4) (3s—4)
Hence, 27s—-45=ABs-4)+B
Lets=4/3 36-45=B ie. B=-9

Equating s coefficients gives: 27=3A 1ie. A=9

L) 27545 _ L, 9 1y
Hence, £ {(35—4)2}_;6 {(3s—4)}-;6 {(35_4)2}

ie. Sk e B S
3 3
B N )
a 4
G
9
4 4
ie. y=3e3 - et
3¢
i.e. y= (3—t)e3
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3. Use Laplace transforms to solve the differential equation:

2
in +100x = 0, given x(0) = 2 and x'(0) = 0

1{{32—’;} + £{100x} = £ {0}

ie. s*L{x} —sx(0) - x'(0) + 100L{x} =0

x(0)=2 and x'(0)=0, hence s*L{x}—2s+100L{x} =0

ie. (s*+ 100)L{x} =2s
from which, Li{x} == 28 and Xzi_l{ 3 2 }
s“+100 s°+100
ic. x=2§€"{ — 2} =2 cos 10t
s“+10

4. Use Laplace transforms to solve the differential equation:

2: .
% + 1000% +250000i = 0, given i(0) = 0 and i'(0) = 100

f,{d_zj} 1000£ {ﬂ}+ 250000Li} = £ {0}
dt dt

ie. [s°L{i} —si(0)-1i(0)]+ 1000[sL{i} —i(0)] +250000L{i} =0
1(0)=0 and 1'(0) = 100, hence

s> L{i} — 100 + 1000sL {i} +250000L{i} =0

ie. (s2+1000s + 250000)L {i} = 100
from which, Lii} = = 100
s +1000s + 250000
and i—g) 100 L) L
(s+500) (s+500)
ie. i=100te™"

10590
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5. Use Laplace transforms to solve the differential equation:

d’x dx . ,
e +6a + 8x =0, given x(0) =4 and x'(0) =8

2
Taking Laplace transforms of each term of c(lle + 66(11—)5 +8x=0

) dx? dx
: Li—>F +6L:—} +8L{x}=L{0
gives { i } { T } {x} {0}

Hence, [s”>£{x} —sx(0)—x'(0)] + 6[sL{x} - x(0)] +8L{x} =0

Since y(0)=4 and y'(0)=8

then [s® L{x} —4s- 8]+ 6[sL{x} —4]+8L{x} =0

sTLIx} —4s -8+ 6sL{x} -24+8L{x} =0

ie. (57 +6s+8) L{x} =4s + 8 +24
4s+32
Lixl= D TI4
) (s2+6s+8)
4s+32
===
-e Y {s2+6s+8}
Lo _4s¥32 4432 A B
(sz+6s+8) (s+2)(s+4)_(s+2) (s+4)
_ A(s+4)+B)s+2)
(s+2)(s+4)
ie. 4s+32=A(s+4)+B(s+2)

When s = - 2: 24=2A from which, A=12

When s = - 4: 16 =-2B from which, B=-8

4s+32 12 8
Hence, =L — 1 =x" -
ey {sz+6s+8} {(s+2) (s+4)}

ie. y=12¢7-8*" or y= 4(3e'2t - 2e"“)
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6. Use Laplace transforms to solve the differential equation:

d’y . dy P 2 1
— -2— +y=3e™ ,given y(0) =-— and y'(0) =4 —
ot Y given y(0) 3 y'(0) 3

d2 d 4x
;E{_y} . 2£{d_)}:} +L{y} = £{3e™}

dx’
1 2 ' _ 3
iLe. [s"L{y} —sy(0) - y'(0)] - 2[sL{y} — y(O)] + Ly} = Py
0)= _2 and y'(0)= 4l hence
Y 3 y 3’
2 2 E i _% _ 3
s I{y}—s(—gj "3 2S£{y}+2( 3) + L{y} P
i : 2,15 4__3
ie. (s* -2s+ DLy} + 3s 373 6od)
from which, (s -2s+ DL{y} = 3 ES+1_7: 9-25(s—4)+17(s-4)
(s—-4) 3 3 3(s—4)
Loy} = 9—2s" +8s+17s—68 —59+255—12s

3(s-4)(s=2s+1)  3(s—4)(s-1)

- yzil{—59+255—232}

3(s—4)(s—1)

1
—(=59+25s—2s? 2 3 3 3
ol ) A B C _A(s-1)#B(s—4)(s-)+C(s~4)

(s—4)(s—1)2 (s—4) (s-1) (s—l)2 (s—4)(s—l)2

Hence, ——+—s—§s =A(s—1)2+B(s—4)(s—1)+C(s—4)

When s = 4: —2+m—£:9A+0+0 i.e. 3=9A and A=

1
303 3 3
59 25 2

Whens = 1: —?+?—§:0+0—3C ie. -12=-3C and C=4

Equating s° coefficients: —% =A+B ie. —% = %4‘ B and B=-1

Hence, y=£ 3 _




1
ie. y= Ee“" —¢*+4xe*  or y=(4x-1)¢* +%e4X

7. Use Laplace transforms to solve the differential equation:

2
d—}; - 3d_y_ 4y =3 sin x, given y(0)=0and y'(0)=0
dx dx

d’y dy B .
I{F} -3 i{d—x}- 4L{y} = L{3sinx}

3
s?+1°

ie. [s*L{y} —s y(0) - y'(0)] - 3[sL{y} — y(0)] - 4L{y} =

y(0)=0and y'(0) =0, hence

3
s*L{y} —3sLiy} - 4Ly} =
s“+1
. 2 3
LC. (s” -3s-dHL{y} = -
s +1
from which Ly} = 3 = 3
’ P9 3s—a)(v 1) (s+1)(s—4)(s+1)
Let 3 __A N B +Cs+D
(s+1)(s—4)(sz+1)_(s+1) (s—4) (s°+1)
_ A(s=4)(s7+1)+B(s+1)(s’ +1)+(Cs+D)(s+1)(s—4)
(s+1)(s—4)(s* +1)
ie. 3:A(s—4)(sz+1)+B(s+1)(s2+1)+(Cs+D)(s+1)(s—4)
When s =- 1: 3=A(-5)2) from which, AZ-%
When s = 4: 3=B(5)(17) from which, BZ%
Equating s’ coefficients gives: 0+A+B+C ie. O=-%+% +C

and C:i-izﬂzﬂ
10 8 170 170

1062




Equating constants gives: 3=-4A+B-4D ie. 4D=(4)iwLi -3= _30
10 85 17
and D= _30
68
45,30
Hence, y=X£" 3 = _3/10_,_ 3/85 +1702 68
(s+1)(s+4)(s+1) (s+1) (s-4) (s°+1)
4530
and y=2" —3/10+ 3/85 N 127() B 268
(s+1) (s—4) (s +1) (s +1)
: w3 30 .
ie. y=——e +—¢e +——CcosXx——sinX
10 85 170 68
3 4x 3 — X 5 .
or y=—e ——e "+—cosx——sinx
85 10 34 34

8. Use Laplace transforms to solve the differential equation:

2
d—}; + ﬂ -2y =3 cos 3x - 11 sin 3x, given y(0) =0 and y'(0) = 6
dx dx
2
i{%} ;C{j—z} - 2L{y} = £{3cos3x —11sin3x}
' , , 3s 33
iLe. [s"L{y} —s y(0) - y'(0)] + [sL{y} —y(0)] - 2L{y} = ———
s°+9 s°+9
y(0)=0and y'(0) = 6, hence
3s—33
s'L{y} - 6 +sLiy} - 2Ly} = =
s“+9
ie. (s +s- DLy} =6+ 50
s +9
. ) 6(s*+9)+3s-33 652 435421
from which, (s” +s-2)LYy} = > = 3
s*+9 s +9
65 +3s+21
Loy =
M 07 rs2)
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6s? +3s+21

and y_il{(sz+9)(s—l)(s+2)}

Let 65> +3s+21 A N B +Cs+D
(7 +9)(s—1)(s+2) “(s+2) (s-1) (s*+9)
A(s=1)(s* +9)+B(s+2)(s* +9)+(Cs+D)(s+2)(s 1)
(s+2)(s—1)(sz+9)
Hence, 6s2+3s+21:A(s—1)(s2+9)+B(s+2)(s2+9)+(Cs+D)(s+2)(s—l)
When s = 1: 6+3+21=B(3)(10) ie. 30=30B and B=1
When s = -2: 24—-6+21=A(-3)13) ie. 39=-39A and A=-1
Equating s’ coefficients: 0=A+B+C re. C=0

Equating constant terms: 21=-9A+18B-2D ie. 21=9+18-2D and D=3

1 1 3
fenee, y=t {(s+2)+(s—1)+(sz+32)}

X

ie. y=—e " +e* +sin3x or y=e"—e ™ +sin3x

9. Use Laplace transforms to solve the differential equation:

dy %

+ 2y =3e*cos 2x, given y(0) =2 and y'(0) = 5
dx? dx

I{d y} 2;6{ } +2L{y} =£{3e" cos2x}
dx? dx

ie. [$L1y} — s (0) - y(O)] - 2[sLiy} — y(O)] + 2L {y} = 3| — 1 —
(s—1)"+2

y(0)=2and y'(0) =5, hence

SSL{y} —2s-5-2sL{y} +4+2L{y} =3 s——21
(s—1)" +2°

ie. (s> -25s+2)L{y} =25+ 1+3 S—_zl
(s—1) +2°
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(3s=3)+(2s+1)(s* —25+5)

(52 —2s+5)
_ 35—3+425"—4s’ +10s+5° =28 +5
(52 —2s+5)
_ 28 =37 +11s+2
(s2 —2s+5)
. 25’ —3s” +11s+2
fi hich, Ly} =
rom e t4 (52 —2s+5)(s2 —25+2)
ond _ g 25’ —3s* +11s+2
Y (s"—2s+5)(s* —2s+2)
25’ =3s” +11s+2 As+B Cs+D
Let = +
(52 —25+5)(52 —2s+2) (s2 —25+5) (32 —25+2)
_ (As+B)(s’=2s+2)+(Cs+D)(s* ~2s+5)
(s"—2s+5)(s* —2s+2)
Hence, 28" —35" +11s+2 = (As+B)(s” — 25 +2)+(Cs+D)(s* - 25 +5)
Equating s’ coefficients: 2=A+C (1)
Equating s’ coefficients: -3=-2A+B-2C+D (2)
Equating s coefficients: 11=2A-2B+5C-2D 3)
Equating constant terms: 2=2B+5D 4)

From (1), C=2— A and

substituting C =2 — A in (2): 3=2A+B-22-A)+D

ie. 1=B+D (5)
2 x (5) gives: 2=2B+2D (6)
(4) — (6) gives: 0=3D re. D=0

From (4),if D=0, then B=1

In (2),if B=1 and D =0, then 3=2A+1-2C

ie. 4=2A+2C (7
From (3), 11=2A-2+5C
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ie. 13=2A+5C (8)
(8) —(7) gives: 9=3C ie. C=3

In(1),ifC=3, then A=-1

3s
Hence, {(sz—2s+5) (s —2s+2)}

el el

+22 (s—1) +1?

g 3(s—1)+3

+22 (s=1) +1°
=_£1{S—4}+£1{M}+ il{;}
(s—1) +22 (s—1) +1° (s—1) +1°

ie. y= —e"cos2x+3e* cosx+3e*sinx or y= 3e" (cosx+ sin x)— e’ cos 2x

cf -1

10. The free oscillations of a lightly damped elastic system are given by the equation:

d’y dy
—+2—+5y=0
a  ae Y

where y is the displacement from the equilibrium position. If when time t =0, y =2 and ?i_}t, =0,

determine an expression for the displacement.

dy

Taking Laplace transforms of each term of (jlty +2— "

+5y=0

gives: ;6{21 } +2£{dt} +5L{y} =£{0}

Hence, [s*£L{y} —sy(0) —y'(0)] +2[sL{y} - y(0)] + 5L{y} =

Since y(0)=2 and y'(0)=8

then [s>L{y} —2s ]+ 2[sL{y} —2] +5L{y} =0
sZ LAyt =25+ 2sL{y} -4+ 5L{y} =0

ie. (sz+25+5)£{x} =2s+4

1066




_ 2s+4
L= (s +25+5)

e y=;6‘1{ 25+ } =£_1{ 2544 }=£_1{2(5+12)+2}
s°+2s+5 (s+1)"+4 (s+1)"+4
_pa] 264D ] 2
(s+1)* +2° (s+1)* +2°

Y B CE I e 2
(s+1)> +2° (s+1)* +27

ie. y=2¢ 'cos2t+e ‘sin2t or y=e ‘(2cos2t+sin2t)

11. Solve, using Laplace transforms, Problems 4 to 9 of Exercise 203, page 556 and Problems 1

to 6 of Exercise 204, page 558.

These Problems are left as an exercise for the learner.

12. Solve, using Laplace transforms, Problems 3 to 6 of Exercise 205, page 563, Problems 5 and
6 of Exercise 206, page 565, Problems 4 and 7 of Exercise 207, page 567, and Problems 5

and 6 of Exercise 208, page 569.

These Problems are left as an exercise for the learner.
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CHAPTER 72 THE SOLUTION OF SIMULTANEOUS
DIFFERENTIAL EQUATIONS USING LAPLACE TRANSFORM

EXERCISE 258 Page 761

1. Solve the following pair of simultaneous differential equations:

2d—X e =5¢'

dt dt
dy -3d—X =5 giventhat whent=0,x=0andy=0
dt dt

Taking Laplace transforms of each term in each equation gives:

2[sL{x} —y(0)] + [s£L{y} — y(0)] = %

[sL{y} — y(0)] - 3[sL{x} —x(0)] = S
x(0) = 0 and y(0) = 0, hence
2sL{x} +sLiy} = il (1)
o

5

and —3sL{x} +sL{y} = N 2)

5 5 5s-5(6-1) 5

1) —(2) gives: 5s Li{x}=——7-=
(1)=(@) gives S T T TS T seh) seoD)
5 1
.. . i = =
e ) 5% (s—1) s*(s—1)
and x=£" !
s (s—1)
2
Let — 1 EA+EZ+ C =A(s)(s—l)2+B(s—1)+Cs
S (s—l) S (s—l) s°(s—1)
from which, 1=A(s)(s—1)+B(s—1) +Cs’
When s = 0: 1=-B ie. B=-1
When s = 1: 1=C ie. C=1




Equating s° coefficients: 0=A+C ie. =-1 sinceC=1

Hence, x=xL" —l—iz+ !
s s (s—1)
ie. x=-1-t+e' or x=e'—t-1
. 5
From equation (1) 2sL{x} +sL{y} = 1
S
. 5
ie. 2sLie —t— I}Jrs;l",{y}Z—1
1 1 1 5
ie. 2s ————|+sL —
(s—l s sj W= -1
ic. = —3—2+s:£{y} 2
(s—1) s s—1
ie. sLiy} = S i—i—£+2
(s=1) (s=1) s
- 2
and s;l",{y}z5 2 +=42
(s—-1) s
. -2 2 2
ie. Ly} = > 28 +—+—
s(s—1) s
and y=£" >—2s +%+%
s(s—1) s” s
Let 5-2s Eé+ B :A(s—1)+Bs
s(s=1) s (s-1) s(s—1)
from which, 5-2s=A(s—1)+Bs
When s = 0: 5=-Aite. A=-5
When s = 1: 3=B
Hence, y=£L" 3,3 +%+E
s (s—-1) s s
yopi] 3,23
(s—=1) s s
ie. y=3e' +2t-3
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2. Solve the following pair of simultaneous differential equations:

2d_y -y+x+d—X -5sint=0
dt dt

3‘(11_?[’ +x-y+2((11—? -e'=0 giventhatatt=0,x=0andy=0

Taking Laplace transforms of each term in each equation gives:

AL iy} — y(O)] - £y} +Lix} + [L{x} —x(0)] - o =0

s?+1

3L{y} — y(0)] + L{x} - Ly} +2[sL {x} —x(0)] - ﬁ ~0

y(0) =0 and x(0) = 0, hence

(@s— DLy} + (s + DLx} = =
s*+1
and Bs— DHL{y} +2s + HL{x} = Ll
S_
(Bs—1)x (1) gives: (3s—1)(2s—DL{y} +Bs—1)(s+ DHL{x} =3Bs—1) 25+1
S

(2s—1)x (2) gives: (2s—1)(3s— DLy} + (2s—1)(2s+ HL{x} =(2s - I)L1
5—

(3) — (4) gives: [(352 +2s—1) (4’ —1)] Lix} = 5(5:1) - ZSS__II

5(3s—1)(s—1)—(2s-1)(s* +1)
(s—l)(s2 +1)

2 3 2
e I{X}{ISS 20s+5—-2s" —2s+s +1}

s(s—2)(s—1)(s2 +1)

{ 2s° =168 +22s—6 }
s(s—2)(s—1)(s2+l)

ie. (—s2 +2S)I{x} =

3 2
and =L 25" —16s” +22s -6
s(s—2)(s—1)(s* +1)
25’ —16s* +22s—6 A B C Ds+E
Let =

s(s—2)(s—1)<s2 +1) ?+(s—2)+(s—l)+(sz+1)
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A(s—2)(s—1)(s2 +1)+B(s)(s—1)(s2 +1)+C(s)(s—2)(s2 +1)+(Ds+E)(s)(s—2)(s—1)
s(s—2)(s—1)(s2 +1)

from which, 2s® —16s> +22s—6 = A(s—2)(s—1)(s2 +1)+B(s)(s—l)(s2 +1)+C(s)(s—2)<s2 +1)

+ (Ds+E)(s)(s—2)(s—1)

When s = 0: -6 = A(-2)(-1)(1) iLe. A=-3
When s = 1: 2-16+22-6=C(1)(-1)(2) re. C=-1
When s = 2: 16 —64 +44 — 6 =B(2)(1)(5) ie. B=-1
Equating s coefficients: 0=A+B+C+D 1e. D=5
Equating s’ coefficients: 2=-3A-B-2C-3D+E
i.e. 2=9+1+2-15+E ie. E=5
Hence, x—sﬁl{—é— P 1 + S+ }

s (s=2) (s-1) (sz+1)

ie. x=-3—e? —e'+5cost+5sint or x= 5cost+5sint—e* —e'—3

From equations (1) and (2)

@s+ 1) x (1) gives:  (2s+ 1)(2s— DLy} +@s+ 1)(s + DL{x} = 2s+ 1) 25+1 ©)
S

(s + 1) x(2) gives: s+ 1DBs—DHL{y} +(s+ 1)2s+ DHL{x} =(s + 1)—1 " (7)
S_

(2s+1) (s+1) (10s+5)(s=1)=(s+1)(s*+1)

S+1 (s—1) (s—1)(s*+1)

0s* —5s—5-s’—s—s* —1
(s—l)(sz+1)

—s*+9s? —6s—6

6)—(7): [(452 —1)—(3s2 +2s —1)] Liy} = >

Le. (52 —2S)I{y} !

d Ly =
o i s(s—2)(s—l)(sz+l)
—s*+9s* —65s—6
q _ g s* +
o Y {s(sl)(s2)(sz+1)}
3 2
Let - +9s°—6s—6 :A B C Ds+E

SG-D)(s-2)(5+1) s (5-1) (5-2) (s+1)
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A(s—l)(s—Z)(s2 +1)+B(s)(s—2)(s2 +1)+C(s)(s—1)(s2 +1)+(Ds+E)(s)(s—1)(s—2)
s(s—l)(s—2)(s2 +1)

from which, —s’+9s’ —6s—6= A(s—l)(s—Z)(s2 +1)+B(s)(s—2)(s2 +1)+C(s)(s—1)(s2 +1)

+(Ds+E)(s)(s—1)(s—2)

When s = 0: -6 = A(-1)(-2)(1) iLe. A=-3

When s = 1: -1+9-6-6=B(1)(-1)(2) ie. B=2

When s = 2: -8+36-12-6=CQ2)(1)5) ie. C=1

Equating s coefficients: 0=A+B+C+D 1ie. D=0

Equating s’ coefficients: -1=-3A-2B-C-3D+E

i.e. -1=9-4-1+0+E ie. E=-5
Fence, y£1{§+(szl)+(512)(szs—kl)}

ie. y=-3+2¢"'+e’ —5sint or y= e’ +2e" —3-5sint

3. Solve the following pair of simultaneous differential equations:

d’x
— +2x=
dt? Y
2
d—Z +2y=x giventhatatt=0,x=4,y=2, dx =Oandg =0
dt dt dt

Taking Laplace transforms of each term in each equation gives:
[s*L{x} —sx(0) - xX'(0)] + 2L{x} = L1y}
and [s*L{y} —s y(0) - y'(0)] + 2L {y} = L{x}

x(0) =4 and x'(0), hence [ L{x} —4s] + 2L{x} = L{y}
y(0)=2 and y'(0)=0, hence [s*L{y} —2s]+2L{y} = L{x}
ie. (s +2)L{x} - L{y} =4s (1)

and S LxY + (sSH2)LL{y} =25 (2)
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(s°+2) x (2) gives: - (s> +2)L{x} + (s°+2) (s*+2)L{y} = 2s(s°+2) (3)

(1) + (3) gives: [(s2 +2)2 —l}sﬁ{y} =2s(s*+2) + 4s
ie. (s'+4s+3) L{y} = 25* +8s

_ 28°+8 257 +8s
nd W e ) B )

_pei 25’ +8s
and y=t {(sm)(sm)}

Let 2s°+8s  _ As+B ,Cs+D _ (As+B)(s2 +1)+(Cs+D)(s* +3)

(52 +3)(s2 +1) (52 +3) (s2 +1) (s2 +3)(s2 +1)

from which, 253+8s=(As+B)(s2 +1)+(CS+D)(S2 +3)

Equating s’ coefficients: 2=A+C (4)

Equating s’ coefficients: 0=B+D (%)

Equating s coefficients: 8=A+3C (6)

(6) — (4) gives: 6=2C re. C=3

and from (4), A=2-C ie. A=-

Equating constant terms: 0=B+3D (7

(7) = (5) gives: 0=2D ie. D=0 andfrom(5), B=0

Hence, y=£L" Z_S + 238 =L - 5 ~+ 3 -
(s +3) (s +1) (Sz+(\/§) ) (Sz+(\ﬁ) )

1e. y= —cos(\/gt)+3cost or y=3cost- COS(\/gt)

Ify=3cost- cos(\/gt) then %:—3sint+x/§sin\/§t

2
and d—y:—3cost+3cos\/§t

t2
Since from one of the original equations,
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dzy
—+2y=Xx
dt? Y

then —3cost+3c0s(x/§t)+2(3cost—cos(x/§t)):X

1.e. X = —3cost+3cos(\/§t)+6cost—2cos(\/§t)

ie. x=3cost+ cos(\/gt)
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